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We consider a supersymmetric matrix model which is related to the non-critical superstring theory. 
We hud new non-singlet terms in the supersymmetric matrix quantum mechanics. The new non¬ 
singlet terms give rise to nontrivial interactions. These new non-singlet terms from fermions, can 
eliminate other non-singlet terms from generators of U{N) subalgebra and from time periodicity. 
The non-singlet terms from the generators violate the T-duality on the target space which is a circle. 
Therefore, we can retain the T-duality with a process of the elimination. 


I. INTRODUCTION 

The matrix models have been used widely in many 
mathematical and physical applications, such as combi¬ 
natorics of graphs, topology, integrable systems, string 
theory, theory of mesoscopic systems and statistical me¬ 
chanics on random surfaces [ll Hi 01 ■ In this paper we 
will focus on the supersymmetric matrix model which is 
related to the non-critical 2-dimensional string theory. 
The worldsheet of the 2-dimensional string theory is rep¬ 
resented mathematically by random surfaces in matrix 
description iiQ The matrix description helps us 
to understand the non-perturbative effects of the string 
theory. 

The supersymmetric matrix quantum mechanics^ 
and the bosonic matrix model with a time periodicity|9j 
have been studied previously. In this paper, we will fo¬ 
cus on the supersymmetric matrix quantum mechanics 
with non-singlet sector. Such models are related to the 
2-dimensional black hole ^3- 

In the matrix quantum mechanics, only the singlet sec¬ 
tor has been considered because the non-singlet terms are 
difficult to handle. The non-singlet terms violate the T- 
duality on the target space. These non-singlet terms are 
from generators of U{N) subalgebra. In this paper we 
construct new non-singlet terms from fermions. Our new 
non-singlet terms prevent the old non-singlet terms from 
violating the T-duality. 


II. A BRIEF REVIEW 

In this section, firstly, we review the quantum me¬ 
chanics of the supersymmetric matrix modelQ. Sec¬ 
ondly, we review the bosonic matrix model with pe¬ 
riodic time conditionj^. Lastly, we review the non¬ 
singlet terms from generators of U{N) subalgebra and 
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review the violation of the T-diiality on the target 

spacell Hill El [Hill. 


A. Supersymmetric matrix quantum mechanics 


1. Lagrangian and Hamiltonian 


We will use a time-dependent, NxN,d=l, Af = 2 
Hermitian matrix superheld as follows : 


(0 ~ + 'idlS2Fij {t), 

( 1 ) 

where 0i and 02 are real anticommuting parameters, Mij 
and Fij are N x N bosonic Hermitian matrices and Tiy 
and are N x N fermionic Hermitian matrices. The 
Lagrangian is 

L = J d0id02^^TrDi^D2^ + iW{<^>)^ , ( 2 ) 

where the potential, W, is a polynomial in d), 

W($) =^6„Tr$”. (3) 

n 

In the above are real coupling parameters, and Dj are 
superspace derivatives, 

+“4- = <“> 


In component fields, the Lagrangian reads 



dW{M) 

dMij 







^^2^J'^l2J^) 


ijkl 


dM.jdMki 


( 5 ) 
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The equation of motion, Fij = — , for the auxiliary 

matrix Fij makes the Lagrangian as follows : 



1 dW{M) dW{M) \ 

2 dM,j dMji J 


1 

2 


ij 


ijkl 




( 6 ) 


If we turn off the fermionic terms in Eq.(6) then we get a 
pure bosonic matrix model. The conjugate momenta to 
the matrices M, 'i’l and ^*2 are 


IlMi, = Mij, 

=-(7) 

n'i'sii = “ 

The Legendre transformation for the Lagrangian with 
Eq.(7) gives us following Hamiltonian, 



IdWiM) dW{M)\ 

2 dM^j dMji } 


N 

+ i^^Uj'l’2kl 
ijkl 


d^W{M) 
dM,,dMki ■ 


( 8 ) 


Let us introduce the following relations for the canonical 
quantization of the Hamiltonian, 


[HMy, Mki] = — iSikSji, 
{'f'/ij,'I'jfci} = hjSikSji, 


and the complex formation for the fermions, 

^ 1 

=^(^'1 - i^'2)- 

v2 


( 10 ) 


for the matrix superfield in Eq.(l). This unitary 

transformation makes the bosonic matrix M which is di¬ 
agonal as 


N 

Mij — Uik^kUkj- (13) 

k 

However, in general, the fermionic matrix 'k is not be 
diagonalized simultaneously. Although the off-diagonal 
result of Xki for fc ^ the only diagonal elements Xkk = 
Xk for k = I have been mostly used in the supersymmetric 
matrix quantum mechanics up to date. It has diagonal 
formation such as 


N 

'^^j=Y.uLxkUkj, (14) 

kl 

by the unitary transformation. 

In general case, the supersymmetric matrix quantum 
mechanics has so-called non-singlet terms related to the 
off-diagonal elements in the fermionic matrices. This 
makes us define a “rotated” fermion matrix 

y = {7^[/t. (15) 

We emphasize again that the unitary operator U diago¬ 
nalizes the M, but the x is not diagonalized simultane¬ 
ously in general. However, the states |s) on the U{N)- 
singlet sector in the Hilbert space, are annihilated by 
and are also annihilated by Xij where i ^ j ■ Thus, if we 
concentrate those states to the singlet sector then we are 
able to take only diagonal terms of the fermionic matri¬ 
ces. In this case, the superfield, Eq.(l), is transformed 
into as follows : 

(l7i$(t){7)^^ = Xi{t) + i9ixii{t) + i02X2i{t) + i9i92fi(t), 

(16) 

where L = {WFU)ii. Another example for Eq.(16) is in 

Ref.fil. 


3. Effective Lagrangian 


The anti-commutator for dt and dt is = SikSji. 

Therefore, the Hamiltonian has a final form. 





^ I dW{M) dW{M) \ 

MiffkMii + 7 : 


2 dM,: 


dMj^ 





N 

ijkl 


d^W{M) 
dM.jdMki ■ 


( 11 ) 


2. Unitary transformation and the singlet sector 


Now, let us take the unitary transformation 
4>(t) ^ U\t)^{t)U{t) 


( 12 ) 


Now, we can construct a Hamiltonian for the singlet 
sector, Hs, such that H\s) = Hs\s). The ordinary 
Hamiltonian, H, is given by Eq.(Il) and the singlet- 
Hamiltonian is 




1 dw dW 
2^^ 


(17) 


where y* = xu and 

w =- Xj\. (18) 

i j^i 
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The effective Lagrangian, Lg, for Hg is given by the 
Legendre transformation and the gaussian integration for 
the [dllA] in following partition function @ , 


The unitary transformation Mij , makes 

TrM^ in Eq.(24) as follows : 


dtJ2 


XiXj 


Zn{K) = J [dnA][dA][dx][dx] exp 

X exp * J dt'Y^^Ux.Xi-iXiXi-Hg'^ 

i 

= J[dX\[dx][dx] exp^f J dtL 


d‘^1 


dXidXj 


(19) 


Thus the effective Lagrangian for the singlet sector in the 
supersymmetric matrix case is 


- Xi^Xj 

^3 




eff 


dXidXj ’ 


where the effective potential is 

Weff{Xi) = W{X,)+w{X^). 


( 20 ) 


( 21 ) 


After inserting Eq.(21) into Eq.(20) we can rearrange 
terms to obtain the final effective Lagrangian, 




1^2 1 fdwV dw dW 

~2[Wj 




( 22 ) 


-E 


d'^W 

dXidXj 


52 


w 


XiXj 


dXidXj 


X^XJ 


A detailed derivation for the effective Lagrangian is given 
in Appendix B of Ref. Q . 


B. The bosonic matrix quantum mechanics with 
time periodicity 

1. Constraint from time periodicity 

We take a partition function for a time dependent and 
periodic bosonic matrix, 


Mij(t) = My(t+ /3), 


as follows : 
Zn= [ 


VM 


JM{0)=M{f3) 
X exp 


-A^Tr^ df|iM2 + l/(M)| 


(23) 


(24) 


N 


TrM2 = J2X^ + E(^^ - Xjr\A,it)\\ (25) 

i 


where 


(26) 

The measure T>M is transformed into 

VM,j = [dA,,] J|[dA.] - Xj f. (27) 

i i<j 

In general, the measure of [dA] can be dropped because 
the result of the integral for [dA\ becomes trivial gauge 
volume factor. However, in the case with the periodic 
time condition, we must keep the measure of [dA\ because 
the integral for [dA] gives us non-trivial and important 
terms. Now, let us look into the non-trivial result from 
the time periodicity. 

The periodic time condition in Eq.(23) gets the diago¬ 
nal elements Xi of (t) to be 


N 


Xk{t + P) — 'PkjXj{t)'P^ 


jk 


(28) 


where V is an operator which makes the unitary operator, 

[/(t), 


U{t + P) =VUit). 


(29) 


The connection Ay(f) is an independent variable in 
Eq.(27). However, in the case of time periodicity. Ay (t) 
is not an independent variable but is constrained the con¬ 
straint with V such that 


Texpi / dtA{t)=V~^, 

Jo 


(30) 


where T is a time-ordering operator. This constraint con¬ 
tributes a delta-function to the measure Eq.(27) : 

VMij (t) =dAy (t) dXi (t) n 

_ ' , ( 31 ) 

X(5(Texpf / dtA{t),V~^), 

Jo 

where A(A) = Y\k>miXk — Am) is the Vandermond deter¬ 
minant. The delta-function can relate to the irreducible 
representation for the operator. The relation is 


S{U,r-^) = Y,dTzXn{VU), 


(32) 


n 
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where dqz is the dimension of the 7?.’th representation and 
Xn is the character 



where fjj is a generator of U{N) in the 7^’th representa¬ 
tion. 


2. Non-singlet terms from the constraint 


In the case of free boundary conditions (be. when 
M(0) is independent of M{(3)) the singlet partition func¬ 
tion describes non-interacting fermions. After integra¬ 
tion over all angular variables, only two Vandermonde 
determinants at the ends of the interval remain. They 
are A(A(0)), A(A(/3)) and these terms assure the anti¬ 
symmetry of wave functions. In the case of the periodic 
boundary conditions, one should be more careful and use 
delta functions to match the eigenvalues as follows : 


/(^(/3)) = / n^^fc(0)^'(M0))/(A(0))J(A(0)-A(/3)). 

k 

(34) 

Now, let us write the final partition function by the gaus- 
sian integral for dAij with preceding equations and rela¬ 
tions. The partition function is 




[V] 

N 


Y[dXiexp<-N'^ f dt 


'0 


dnArji 


n 


T exp 


AN 








(A. - A,)2 


V 


(35) 


where ]^X){-p}(~l)^ i® standard anti- 

symmetrizator, the skew-symmetry of the Vandermond 
determinant, 

A(iPA(0)iP-^) = (-l)^A(A(O)). (36) 


Thus we have the Hamiltonian as follows : 


N 




-k 


1 '''ij ' 

4iV 4- (A, - 






(37) 


where P-ji is a projector for zero weight vectors in the 
space of 77.’th representation. A review of 77.’th represen¬ 
tation can be found in Ref.|^. 


C. Non-singlet sector and T-duality 

1. non-singlet terms from U{N) generators 


As the previous case, the effective Lagrangian, Te//, 
for H is given by the Legendre transformation, and by the 
gaussian integration for the [dn^] in following partition 
function : 


ZN{bn) 

= [ [d^x][dX][dx^J][dx^J] 

N N 

X exp 


I dt\J2 nA,A, -f - H 

\ i 'i -3 

= J [d^][dXi][dX 2 ] exp J dtLeff^ . 


(38) 


However, above equation is not a correct form because 
the Hamiltonian does not contain the non-singlet terms 
from the fermionic matrices involved in the Lagrangian. 

Earlier works on the adjoint state(non-singlet state) 
of the supersymmetric matrix model can be found in 
Refs. [Hill. 

Now, we will consider the degrees of freedoms in the 
non-singlet terms and the angular terms. Let us decom¬ 
pose A{t) into generators belonging to U{N) as follows: 


N-l 

A = iiu^ =J2aCi + 

i=l 

where 


+ jdijTij), (39) 


— dikdjl -\- SilSjk^ (Pij')kl — ^(dzfcdj/ dnSjjf) 

(40) 

and Ci is the Cartan subalgebra. If we insert Eq.(39) to 
Eq.(25), we get 


N 


1 


1 


— X/ ( ^Aj “ 4^ ) + 9 X/(Ai - + Pfj). (41) 


i=i '' ^ i^j 

The canonical relations. 


Ha, = 


dL 


dX, 

and the constraint. 


Aij — 


dL 

dPji 


Hij — 


dL 

dPji 


dL 

Ha, = = 0 


(42) 


(43) 


with the Legendre transformation, 

5 ff/jj , t) —^ qjij (44) 












5 


give us following Hamiltonian, 



n^. + n2. 

(A.-A,)2' 


(45) 


The second part in Eq. (45) is the interaction terms from 
the non-singlet sector. In the coordinate representation 
the momentum is realized as the following operator 


Ha, = 


ih d 


A(A). 


Therefore, Eq.(45) becomes 


(46) 


N 


2 


2A(A)^ 


A(A) + V{X) 


1 

2 


Using the Hamiltonian derived in the 
graph, the partition function becomes 


(47) 

previous para- 


Zjv = Tre-^^, (48) 


where t is the time interval we are interested in. 


2. T-duality and neglecting of non-singlet sector 


where R is the radius of the compactified target space. 
In this case, we can not decouple the non-singlet terms 
because the compactification gives rise to new winding 
modes which are represented by the non-singlet terms 
mathematically. These winding modes are related to the 
vortices and the anti-vortices. The vortices and the anti¬ 
vortices bring about the vortex-anti-vortex condensation 
which is related to the Kosterlitz-Thouless phase transi¬ 
tion at critical radius, Re- However, this phase transition 
violates the T-duality of the target space. 

When the radius of the target space is big enough to 
be i? > i?c, we can suppress the phase transition. This 
means that we can decouple and truncate the non-singlet 
terms under restriction of R > Re- The decoupling is 
caused by following relation. 


Rnon—singlet 


-E, 


singlet 


£ 

27r 


|ln(5|. 


(52) 


where 6 —> 0 as i? —*■ oo. Thus we can truncate 
the non-singlet sector because the energy gap between 
Enon-singiet and Egingiet diverges to the infinity. 

When the radius is small such that R < Rc, one can 
resort to the lattice gauge theory. In this case, we can 
also suppress the vortices and anti-vortices. However, 
the lattice gauge theory transforms the circle of radius R 
into the 1-dimensional lattice. This modification of the 
target space is a restrictive condition. 


In this section, we will consider the relation of the non¬ 
singlet terms and the T-duality. Details can be found in 
Refs.n m m. The 2-dimensional target space has a 
time direction and a spatial one. This spatial dimension 
is from the Liouville modes so the spatial direction can 
not be compactified. Thus we consider the time direction 
of the target space for the compactification. 

Firstly, let us consider a non-compactified target space. 
In this case, we have a infinite real line for the time di¬ 
rection. The free energy of this target space is sufficient 
to show that we need only the ground state energy, Eq, 
as follows : 


F = 


lim 

t—*c>o 


log^w 

t 


£ 

h 


(49) 


Above minimum value of F is caused by fact that the 
angular modes from the non-singlet terms can be de¬ 
coupled. This decoupling arises from fact that the non¬ 
singlet terms are positive definite operators. So, we can 
consider following Hamiltonian of the singlet sector which 
is independent of the angular degrees of freedom which 
is related to the non-singlet terms. 


H. 


N 


singlet — 


rlli 


U(A) 


(50) 


Now, let us consider a compactified time direction of 
the target space as follows : 


(51) 


III. A NEW METHOD FOR NON-SINGLET 
SECTOR IN SUPERSYMMETRIC MATRIX 
QUANTUM MECHANICS 

Till now, we reviewed the supersymmetric matrix 
quantum mechanics and the bosonic matrix with time 
periodicity. We also reviewed the compactification of the 
target space and reviewed the non-singlet sector corre¬ 
sponding to the vortices which violate the T-duality. The 
compactification gives us the time periodicity. 

The non-singlet terms from the angular operators and 
from the time periodicity violate the T-duality of the 
target space. However, when we want to maintain the 
T-duality, we must eliminate, or ignore at least, the non¬ 
singlet terms. We have seen, however, that we can only 
ignore the non-singlet terms under some restrictions. The 
first method is to use truncation with large difference of 
energy gab between singlet states and non-singlet states. 
The second method is to use the lattice gauge theory. 
However, this lattice gauge theory transforms the circle 
of the target space into the 1-dimensional lattice. 

We will introduce a new method for the non-singlet 
terms. Our new suggestion is not to ignore the non¬ 
singlet terms but to eliminate of the non-singlet terms. 

Firstly, let us look into the trivial singlet case of the 
fermionic sector. We consider the diagonalized fermionic 
matrices by the unitary transformation such as 

Xk{t)Ukj{t). 

k 


t ^ t-\- fi, 13 = 2 ttR, 


(53) 
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The kinetic energy parts of Eq.(53) become as follows : 

E = E E ulxkU^j ■ ^ {u],xiUu) 

ij ij kl 

= E ^ ^ xlUkiUl 

k ik (54) 

k k 

= E 

k 

where Ak{t) = {U{t)W{t))^^ and xl = XkXk = 0 be¬ 
cause of the Pauli exclusion principle. Thus, in this case 
we have no non-trivial interaction terms for the fermionic 
parts. Next, we will investigate the non-singlet terms of 
the fermionic parts in following subsection. 


If we use Eq.(57) and Eq.(58), the previous Lagrangian 
of Eq.(6) becomes 


L 


1 

2 








E 


dW{M) dW{M) 

dMij dMji 


2 'y^XXlijXlji + X2ijX‘^ji) 
ij 


zE^id 

ijkl 


dM,,dMki 


i E iXUkXlkj + X2ikX2kj)Aji 

i^k^j 


(59) 


where those potential terms remain off the unitary trans¬ 
formation. 


A. Fermions in non-singlet sector 


B. Non-singlet terms from time periodicity 


Now, we consider the off-diagonal elements of the 
fermions in non-singlet sector as follows : 


W = E Uikit)Xkiit)Uij{t). (55) 

kl 

The kinetic energy parts of Eq.(55) become such as 
~ ^IkXklUlj * — yUj^XmnUniJ 

ij ij kl,7nn 

~ ^ ^ XklXlk T 2 ^ ^ XklXlnUniU^f^ 

kl klni 

(fc/Z/n) 

~ ^ ^ XklXlk T 2 ^ ^ XklXln^nk' 

kl k^l^n 

(56) 

Thus, we have the non-trivial interaction terms from 
XkiXinAnk for k ^ I ^ n. Note that the non-trivial terms 
have Aij. We will use this fact in the gaussian integral 
for Aij later. Let us write the terms which have Aij, as 
follows : 


In the section II.2 considered the periodic time con¬ 
dition on the bosonic matrix case. Here we extend this 
time periodicity to the supersymmetric matrix model. 
However, in the supersymmetric case, using the gaussian 
integral for the Aij with the periodic time condition, we 
have the same result of bosonic model. The same process 
in the section H.2 gives us following Lagrangian, instead 
of Eq.(59), 


1 Af ^ N 

^eff = 2 E/ ~ 2 E/^AluXlj* + X2ijX2ji) 

i ij 

^ N K 

"2^ E mnb^KXT^--^ 

i mn—1 
N K 

-EE n(n - l)6„xiijA” ‘^X 2 ]i 

ij n—2 


K 


- * E E E "^^rnXUjX^, 

m—2 n—2 i^j 


m — n \ n—2 ^ 


X2ji 


1 v—v XlikXlkj + X2ikX2kj) 

9 2^ 




(Ai - A ,)2 


(60) 


^TrM^ 

2 


2 E + 2 “ Xj)'^\Aij\‘^, 

i i^j 


(57) 


and 


/ ij 

. 2 2 

XiijXiji - i EE XlikXlkj A ji. 

I ij I iitk=jtj 


where the potential part is rewritten in forms of the ma¬ 
trix elements after unitary transformation and differen¬ 
tiation. 

Consequently, we conclude that the non-singlet terms 
from the time periodicity and the non-singlet terms for 
fermions give us same effects. If we use the complex 
formation for the fermions like Eq.(lO), 

Xij + 

Xij - iX2^j), 



(58) 


(61) 
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then we have 


where the potential, V{\,x-iX)i is 


N 


N 


^eff — „ „ '^^iXijXji + XijXji) 


N K 


\ m+n —2 


mnbmbuK 

i mn—1 
N K 

Ti(tI iXijXji XijXji) 

ij n—2 
-.Km 

- o E E E ^bmXT-^\r\x^oXn - X.jXn) 


m—2 n—2 i^j 


- y 
2 ^ 

t^k^j 


(Etc y + XrkXkj + X^kXk3f 

(E - A ,)2 


(62) 


Now, let us investigate a Hamiltonian for above the La- 
grangian. 


N K 

y{X,x,x) = ^y y mnbmbnXT^'"~^ 

i mn—1 
N K 

+ ^EE n{n - 1)6„A” ^{xijXn - X^jXj^) 

ij n—2 
-.Km 

+ ^EEE mbmXT "A" ‘^{x^jX3i-Xi]X]i)■ 

m—2 n—2 i^^j 

(64) 

As previous case, let us decompose A{t) into generators 
belonging to U(N) as follows : 

N-l 

A = UU^ =yaC, + ^y {Xt.3 + ky ), (65) 

i=l ^ i=^3 

where 


C. Hamiltonian with fermionic non-singlet terms 

The two ways which ignore the non-singlet terms, have 
the restricted conditions respectively [4 ll^ Hq . How do 
we get a more constructive and complete method for a 
eliminating the non-singlet terms which are related to the 
vortices? A possible answer is a using of the off-diagonal 
elements of the fermionic matrices in the supersymmetric 
matrix model. 

Now, we have three types of the non-singlet terms. The 
first type is H^, the second is fy and the third is XikXkj 
as follows : 

1. The Hy is from the angular variable such as the 
Ay = {UU^)ij. 


{'yij)ki — bikbji -f SiiSjk, — 'i{bikbji buSjk') 

( 66 ) 

and Ci is Cartan subalgebra. In Eq.(63), the summa¬ 
tion conditions, make following con¬ 

straint, 

BT 

Ha, = ^ = 0, (67) 

oai 

thus we have 

Ay = {UU^)ij = 'y^ik'^ij + ■ (6^) 

Now, the description of Eq.(68) is comparatively com¬ 
plicated. Since the term Ay which definite form is 
Ay(t) = {U{t)W, has time derivative part, we can 
redefine the Ay as follows : 


2. The fy is from the time periodicity. 


Ay- — 7y , 


(69) 


3. The XikXkj is from the non-diagonal elements of 
the fermions. 


then we have following canonical relations instead of 
Eq.(42), 


Let us consider following Lagrangian for a final Hamilto¬ 
nian. 


oXi 


n 

0x3^ ■ 


(70) 


=2 E 2 E("^* “ EO |Ajj| -l^(A,x,x) 

i i^j 

. N 

~ 2 X^XXijXji + XijXji) 
ij 

'y ( Cy ( Aj XikXkj XikXkj)Aji, 
i^k^j TC 


(63) 


Comparing Eq.(42) to Eq.(70) we have following relation. 


+ (71) 

Erom now on, we relabel H-yy as follows : 

Alii ~ Ay- (72) 




Now, we have a following Lagrangian, 

1 ^ . 1 

^ =9 X! + 9 “ ^jO^l'TuI 




-V{X,x,x) 


N 


2 'y^XXijXji + XijXji) 

V 

-i XI + XtkXkj + XikXkj)ii 

i^k^j TZ 

and the canonical relations as follows : 

n, = f = A. 

aXi 

IIv.. — ^ . — Xlj 


3^ 


^Xij 


^Xij ~ c,x ~ oXiO 


^X]^ 2 "^ 

dL i 

dXn 2 " 

dL 


~ Q- — (X 
diji 


~ *(X + X^kXkj + X^kXkj)- 


n 


Thus, we have following description for 7 , 


(73) 


(74) 


we have a extended Hamiltonian in the supersymmetric 
and periodic time (compactified target space) case. 


H 


X (^AiAi + Li^ijXji + ^xijXji + - L 


= X ^ J2^XijXji + XijXji) - L 


n^Hji + (X/K ~X XjkXki + XjkXki) 


i^k^j 


(A. - A,)2 


(79) 

Inserting the Lagrangian of Eq.(76), into above Eq.(79), 
we have following result, 

H = )En!, + r(A.x,a + ii:i|i|7 

i i^j ■' 


1 (^Tz'^ij XikXkj + XikXkj) 

2 . 7 ^ ■ (Ai — Xj)'^ 

1 ^iji^TZ^ji XjkXki + XjkXki) 

2 (Ai - A,)2 

1 i'^Tz'^if XikXkj + XikXkj)^ji 

2 (A. - A,)2 ' 


(80) 


li] = 


^^j + *(Etc "^Ij + x^kXkJ + XikXkj) 


(Aa-A,)2 

Inserting Eq.(75) into Eq.(73) then we have following La¬ 
grangian 

N , . N 


1 • 


L =J2o^i X. x) - 9 J2^XijXji + XijXji) 


^ j Hji 

9 ^ a.- - 

ii^j 


2 ^ (A.-A ,)2 


1 (X/K XikXkj T XikXkj) 

9 ^ 


i^k^j 


(A.-A ,)2 


1 n»j(E tc + XjfeXfei + XjkXki) 

2 ^ 

ijtk^j 


(Aa-A ,)2 




(Y^tzW + XikXkj + X^kXkj)^, 


■Jf' 


(Aa-A ,)2 


(76) 


With above Lagrangian, the canonical relations of 
Eq.(74), and the Legendre transformation. 


, H/ij , t) — ^^^lijQlji ^{Qlij ^ Qlij ^^) 1 (^^) 


1=1 


where 

4 


^ ' ^lijQlji — IlAi Ai + ^XijXji + ^XijXji + ^ijljij C^8) 


7=1 


At last, with some calculation and rearrangement of the 
terms in above equation, we arrive at this final Hamilto¬ 
nian form. 


1 ^ 

9 Xnl + nA,x,x) 


+ 5 E 


[n^j XikXkj + XikXkj')\ 


i^k^j 


(Aa-A ,)2 


(81) 


Notice that the last four terms of Eq.(80) have been col¬ 
lected into a perfect square and the Hamiltonian is sim¬ 
plified. It is rather remarkable that the fermionic non¬ 
singlet terms and the non-singlet terms from the time 
periodicity and the angular variable conspire to give a 
simple form. 

Here, the terms of H^- and fy are not controlled by 
us since they are given from the structure of the matrix 
model and some mathematical conditions. For example, 
the Hij is from the angular variable of the Aij and the 
unitary transformation. Similarly, the fij is from the 
time periodicity. We can’t change these restricted condi¬ 
tions arbitrarily. However, we can control and vary the 
terms of y and x since they are from the superfields of 
Eq.(l), which are introduced by us. 

By the way, the non-singlet terms which are made of 
the H^ and/or fy, violate the T-duality of the target 
spaced, But, if we want to maintain the T- 

duality then we must suppress the non-singlet terms. Re¬ 
ally, we would like to retain the T-duality because that 
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the T-duality is very good symmetry for us. So, the non¬ 
singlet terms of the 11^ and/or are suppressed and 
ignored by the two ways in the previous papers P. ITELIT^ . 
However, as remarked above the review section, the two 
ways have some restrictive conditions respectively. 

Therefore, if we redefine the numerator of the non¬ 
singlet terms as follows : 

Hij -f i (y ^ XikXkj + XikXkj) = (^2) 

V, 

then we have following description of the Hamiltonian, 



^ 1 
x,x) + ^ 

i i^j 


(A.-A,)2- 


(83) 


Now, for the T-duality, all we want is not ignoring but 
complete elimination of the non-singlet terms which vio¬ 
late the T-duality. So, if we control and vary the terms 
of XikXkj + XikXkj for = 0 in Eq.(82) then we can 
have following Hamiltonian, 


H=l^Ul+V{X,x,x), (84) 

i 


which retain the T-duality of the target space. With a 
using of the Xij Xy j elimination of the non¬ 
singlet terms is not under any restrictive conditions and 
constraints. 

Now, we can have the Hamiltonian without the non¬ 
singlet terms which violate the T-duality even in the 
target space of a circle of arbitrary radius R. This 
fact means that we can eliminate the vortices and anti¬ 
vortices on the target space without any constraint. 
Therefore we can always retain the T-duality on the tar¬ 
get space of a circle. 


However, in the continuum limit and the double scal¬ 
ing limit on the random surfaces, the Kosterlitz-Thouless 
phase transition through the vortex-anti-vortex conden¬ 
sation, which violate the T-duality of the target space. 
In the case such that the target space is infinite line or in¬ 
finite 1-dimensional lattice, we need not to consider the 
non-singlet terms since we need only ground state en¬ 
ergy. Since the non-singlet terms are positive definite 
operators, corresponding excitation state energy is al¬ 
ways above the ground state one. This excitation states 
occur where the target space is a circle of radius R. In 
general, the compact target space with radius R has T- 
duality. But the target space in our case is composed of 
discretised random surfaces. Therefore we have vortex or 
anti-vortex terms on the surfaces. The non-singlet terms 
corresponding to the vortices and anti-vortices which vi¬ 
olate the T-duality of the target space. Up to now, we 
have two old wavs|4 IM IlM to exclude the violation of 
the T-duality. Firstly, in the continuum limit of discre¬ 
tised surfaces, we are able to truncate the vortex terms 
since the energy gap between ground state and excitation 
state diverges. This method corresponds to the infinite 
limit of the radius R of the target space. Secondly, using 
the lattice gauge theory, we are able to read the circle 
into the 1-dimensional lattice. However these two ways 
are in restrictive conditions respectively. 

In this paper we showed new non-singlet terms from 
the non-diagonal elements of the fermionic matrices in 
the Lagrangian. These new non-singlet terms can com¬ 
pletely eliminate the old non-singlet terms which violate 
the T-duality so that we can retain the T-duality on the 
target space which is composed of the discretised random 
surfaces. What is more, we are also able to control the 
phase transition effect with these new non-singlet terms 
which are composed of x and x instead of the elimination. 


IV. DISCUSSION 

The target space of the l-dimensional(time dimension) 
matrix model related to the non-critical 2-dimensional 
string theory, has three structures such as the infinite 
real line, the infinite 1-dimensional lattice and the circle 
of radius R. The target space can be represented by dis¬ 
cretised random surfaces and have a dual structure of the 
fat Feynman graphs. If we consider the non-singlet sec¬ 
tor in the matrix model then we can read the non-singlet 
terms into vortex or anti-vortex terms. Also these non¬ 
singlet terms correspond to the winding modes of the 
strings. 
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